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XXIX. On the Analytical Theory of the Conic. By Artaur CAYLEY, F.R.S.
Received May 8,—Read May 15, 1862.

THE decomposition into its linear factors of a decomposable quadric function cannot be
effected in a symmetrical manner otherwise than by formule containing supernumerary
arbitrary quantities; thus, for a binary quadric (which of course is always decomposable)
we have

1
(@ b, X yP =003, oy, gy Lrod {(a b, Yo, yXo', )£ ac—(ay =)} ;

or the expression for a linear factor is

1 —
(a5, ox gyl b oXe, yXa' y)knS ao—0ey —ay)h,

which involves the arbitrary quantities (#’, ). And this appears to be the reason why,
in the analytical theory of the conic, the questions which involve the decomposition of
a decomposable ternary quadric have been little or scarcely at all considered: thus, for
instance, the expressions for the coordinates of the points of intersection of a conic by a
line (or say the line-equations of the two ineunts), and the equations for the tangents
(separate each from the other) drawn from a given point not on the conic, do not appear
to have been obtained. These questions depend on the decomposition of a decom-
posable ternary quadric, which decomposition itself depends on that for the simplest
case, when the quadric is a perfect square. Or we may say that in the first instance
they depend on the transformation of a given quadric function U=(x){#, g, 2)’ into the
form W24V, where W is a linear function, given save as to a constant factor (that is,
W=0 is the equation of a given line), and V is a decomposable quadric function, which
is ultimately decomposed into its linear factors, =QR, so that we have U=W*4-QR.
The formula for this purpose, which is exhibited in the eight different forms I, II, III,
1V, I(bis), II(bis), ITI(bis), IV(bis), is the analytical basis of the whole theory; and the
greater part of the memoir relates to the establishment of these forms.

The solution of the geometrical questions above referred to is (as shown in the memoir)
involved in and given immediately by these forms. It is also shown that the formule
are greatly simplified in the case ¢. g. of tangents drawn to a conic from a point in a
conic having double contact with the first-mentioned conic, and that in this case they
lead to the linear Automorphic Transformation of the ternary quadric. The memoir
concludes with some formule relating to the case of two conies, which however is
treated of in only a cursory manner.
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640 MR. A. CAYLEY ON THE ANALYTICAL THEORY OF THE CONIC.

Article Nos. 1 to 17, relating to a single conic.

1. The point-equation of the conic is

(@, b, ¢, f, g, kY&, y, 2)’=0,

which expresses that the point (#, 7, z) is an ineunt of the conic.
The line-equation of the same conic is

| g) 7, Z =Oa
£ a b g
n b, b f
, g 9 fi ¢
or putting
(A, B, G, F, G, H)=(be—f", ca—g*, ab—1*, gh—af, hf—bg, fg—ch),
the line-equation is
(A, B, G, F, G, HYE, », =0,

which expresses that the line (%, 7, ) (that is, the line the point-equation whereof is
§r+7y+L2=0) is a tangent of the conic. 'We are thus in the analytical theory of the
conic concerned with the quadrics (a, b, ¢, f, g, £ X, 3, 2)* and (A, B, C, F, G, HY, », )?,
which are the characteristics or nilfactums of these equations respectively.

2. 1 put also

K= @a & ¢ |,
hy b, f
g e

or, what is the same thing,
K=abc—af*—bg>—ch>+2fgh.

3. Tt may be convenient to notice that when (a,..Yx, 7, 2)* breaks up into factors,
the conic the equation whereof is (a, .. Y, 9, 2)’=0, becomes a pair of lines; and that
when (a, .. Y@, y, 2)* is a perfect square, the conic becomes a pair of coincident lines, or
say a twofold line. But a pair of lines, distinct or coincident, cannot be represented by
a line-equation. The analytical formulee presently given show that in the former case
(A,..J& 7, 8)" is the square of a linear function, which equated to zero gives the line-equa-
tion of the point of intersection of the two lines, or node of the conic; and the equation
(A, .. Y& 7, &)*=0 accordingly represents such point considered as a pair of coincident
points, or say a twofold point. But in the latter case, where the conic is a twofold line,
(A, .. X& », &) is identically equal to zero, and the line-equation (A, & 7, ¢P=01isa
mere identity 0=0, thus ceasing to have any signification at all. And the like remarks
apply to the conic as represented by the line-equation (A, ..X%, 7, £)*=0, the conic here
breaking up into a pair of distinct or coincident points, &c.

4. It is proper to remark also that

(@, .. X2y, 2 Y, y,2)=0
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is the equation of the polar of the point (2, #/, 2') in regard to the conic, and that

(A, ..XE, 7, §XE n, §)=0
is the line-equation of the pole of the line (¢, 7, §'); or, what is the same thing, the
point-coordinates of the pole are

AY+HA/+GE: HE 4By 4-F¢': GE+FA/+CY.
5. The inverse matrix is
(a b g)", =x( A H G
hy b, f H, B, F
( o | ¢ G, F, C
but it is convenient to disregard the factor %, and speak of (A, B, C, F, G, H) as the

inverse or reciprocal coefficients. The equation just written down implies the relations
Aa+4-Hh+Gg=K, Ah+Hb4Gf=0, &c., which may be arranged in two different ways
as a system of nine equations,

6. We have also

(BC—F*, CA—G?, AB—H?, GH—AF, HF—BG, FG—CH)=K(q, b, ¢, f; 9, h),

and
ABC—AFP—-BG*~CH*4+-2FGH=K?,

which are well-known theorems.
7. I notice also the theorem

(a, . X @9, 20 (@, . Y&, ¢/, 2y —[(a, . X, y, 2X2, o, &) ]
=(A, .. Y y? —y'z, 22/ =2, xy' —2'y),
which is much used in the sequel: it may be mentioned, in passing, that this is included
in the more general theorem

(@, . Yo, 9, 20, m,n), (a,.. X2, 9, 2YL, m,n)
(a,.. X2, y, 2X 0, m, ), (a,. Y2, 9,2 Y1, m,n)
=(A, . Y y? —y'z, 24 =2z, 2y — &y mm' —m'n, nl' —n'l, Im/ —'m),

which is at once deducible from

LI +Mm +Nn, L'l +M'm +N'n

LI 4+Mm/+Nn/, LI 4+M'm/+ N
=(MN'—M'N)(mnw' —m/'n)+ (NL' = N'L)(nl' —n'l) +-(LM' — L'M)(Im/ — I'm),

by writing therein
(L, M, N)=(az +hy +gz, ha +by +fz, g& +fy +c2),

(L', M/, N')=(aa' thy 492, ha' 4-by +17, g2’y +c2).
452
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8. Suppose now that
(a,b,¢.f, g, R Y2, 9, 2) |

breaks up into factors, or say that we have

(@, b, o, f, g, KX, y, 2 =2(ex 4By +yz)(da+-Ly-+v/2),

the values of the coefficients (a, ..) then are

(@ b, O,f, 9 k)=(2““’3 264, 29y, 67'+B'%‘7“'+7'“3 “BI+“,B)’
and forming from these the inverse coefficients (A, ..) and the discriminant K, we find
(Aa Ba Ca Fa Ga H)="(B'Y'_Bl% 7“,_9/“7 O&B’_“’B)g’
K=0.

9. The last-mentioned equation, K=0, is the condition in order that (a,..Yx,y, 2)*
may break up into factors; and when it does so, we have

(Aa Ig: 7, §)2= "[(ﬁ'y’—ﬁl% 7“"—'}"“a “B"‘“IBI%a %&)]2,
that is, (a,..J@,y, )’ breaking up into factors, (A, .. Y& #, {)* is a perfect square; and
equating it to zero, we have

[(By' =By, yo! — 7w, aff — o BYE, 0, {)P=0;
which, (£, 7, {) being line-coordinates, gives (as a twofold point) the point of intersection
of the lines (e, 3, ¥), (¢!, 3, ¥/), that is, the lines ax+By-+v2=0, o+ B'y+y2=0.

10. If (a, .. X2, 9, 2)* is a perfect square, then o':3':¢/=«:3:y; whence not only, as
before, K=0, but the coefficients (A, B, C, F, G, H) all vanish (this implies the first-
mentioned condition, K=0); and the line-equation (A, ..Y%,7,{)*=0 becomes the mere
identity 0=0.

11. Converselyif K==0, then (a,. .Y, y, 2)*breaks up into factors; andif (A, B,C,F,G, H)
all vanish, then (e, ..Y(#, 9, 2)*is a perfect square. The conclusions stated ante, No. 3,
are thus sustained.

12. 1 assume, first, that (a,..X, 9, 2)? is a perfect square (No.13); and secondly, that
it breaks up into factors (No. 14); and I proceed to inquire how in the one case the
root, and in the other case the factors, can be determined in a symmetrical form.

13. Considering the before-mentioned identical equation

(a,.. X2, ¥, 2V (a, . X5 o, 2P —[(a, . X &, 9, 2, o, 2)P=(A, ..Xv2' — o'z, 22’ — 2w, a9 —2'y),
if (@, ..J(#, y, 2)* is a perfect square, then by what precedes, the right-hand side of the
equation vanishes, and we have

. e Xy, Yy, 2) ),
(a,..X@,9,2) =[( (ii,..][w’,ly’,z’y )]’

and the root of (a,..J@, 7, 2)* is thus seen to be
NG G733 CIZLD)
T V(@ XY

an expression which involves the quantities («/, 7/, '), the values whereof may be assumed

b
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at pleasure without altering the value of the expression. For instance, assuming for
(«, 9/, #) the values (1, 0, 0), (0, 1, 0), (0, 0, 1) successively, the different values of the
expression are
az+hy+g9z hx+by+fz  grtfytez
Va ve ve

But if, as assumed, (@,.. Y@, ¥, 2)* be a perfect square =(ax-+By+yz)*, then

(a, b, 0,]‘; 9 h)=(“2’ ﬁz’ '72> 67, Y%, “B)a
and each of the foregoing values becomes equal to the root ex<By-+yz. It is some-
what singular that it is not possible to obtain symmetrical formulee without employing
in this manner supernumerary arbitrary quantities such as (', 7/, 2').
14. Next, if (@,...X, y, 2)%, instead of being a perfect square, only breaks up into
factors, then in the foregoing identical equation the right-hand side is a perfect square,
and by the formula just obtained its value is

[(A; .-IX, Y: Z][yz’—y’z, zw’-—z’.z"', »’0!/'—”'?/)]2’
(4, . XX Y, 2)°

where (X, Y, Z) are supernumerary arbitrary quantities. The identical equation then
gives ,

(0 X, 9 2= (g L0 - 0 9> 2 I ancanes Y’(ﬁ%’{f’i‘;{fg‘;’% ==},

and consequently

1
(a, . Y&, y, 2)'= CMCRND: Product of

y e Xy Jo < xla ) "+(A’"IX’ Y, ZIyZ'—-y’z, za — 2z, xy’—a’y) )
{(“ Ix Y ZI y' z)— ‘/—(A,--IX,Y,Z)2 }

a formula which exhibits the decomposition of (a,.. Y2, y,2)* assumed to be a function
which breaks up into factors; the formula contains the two sets of supernumerary
arbitrary quantities (¢, %, 2') and (X,Y,Z). It will be remembered that (A,..) denotes
the system of inverse or reciprocal coefficients (be—f, ...).

15. Consider the formula

(a, b, (/',Jc, g, kI’]z,—”lza g?’—&’i, 577,_‘2,77)2=(a', b’ c, f, 85 hIE,’ 77/’ Zl)g’
which gives
a= ¢r 400 —2f7Z,

b= al’+c8 —29,
c= b8 +-ar" —2hén,
f = —anl—f8 +gén+hE,
g=—bLE+S —gn" +-hl
h=—c&n 41+ gn{—hC;
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and from these we deduce
( a, ha g I& 7, Z_,)=(0a O’ 0)9
h, b, f

g, f, ¢

viz. a§+hy4gl=0, &c.
Also

(bc—f? ca—g? ab—h? gh—af, hf—bg, fg—ch)=(%,2, {5 (A, B, C, F, G, H][E? 7, )%

that is,
be—f'=#(A, B, C, F, G, HY% », {)*, &c.
‘Whence also

(be—12, .. Y1, m, n) =(E-+mn+nl) (A, .. Y& n L),
(be—12, .30, m, 00, m, n')=(IE+ma+nQ)(VE+mn+n'Q)(A, .. JE 7 L) ;

and moreover

and

abc—af?--bg*— ch’42fgh=0.

16. The last equation shows that (@, .. Y#5'—#¢, (¥ —C'%, & —&7)%, considered as a
function of (¢, 7/, §'), breaks up into factors. Or since the expression is not altered by
interchanging (&, 7, §') and (&, 7, &), the same expression, considered as a function of
(% , &), breaks up into factors. It is in fact easy to see that any quantic whatever,
(¥ X&' —n', §¥ =58, & —En)™, considered as a function of (£, #, &), breaks up into linear
factors; for in virtue of the equation (ny'—#&)4# (58 —8'8)+8'(84 —£%)=0, any one
of the quantities #¢'—#§, §&€—&'8, & —E&n can be expressed as a linear function of the
other two; so that the quantic can be expressed as a linear function of any two of the
three quantities; and qua homogeneous function of two quantities, it of course breaks
up into factors, linear functions of these two quantities.

We may in all the formule interchange (', ¢, #) and (#,y, 2), writing (a/,b', ¢, ', g/, b/)
in the place of (a, b, ¢, f, g, h).

17. Putting, in like manner,

(A, B, C, ¥, G, H)yz' — /2, 22’ —2', xy' —a'y)
=(g’ %’ @’ J; ®9 %lea y', z!)z’

so that
d= Cy’+4B* —2Fyz,
B= A2 +4Ca*—2Gzz,
€= Ba’+Ay*—2Hay,
F=—Ayz—¥2*+ Gay-+Hze,
& =—Bu+Fay— Gy +Hyz,
H=—Cay+Fzo+ Gyz—Hz?,
we obtain

(4, % 6 Yz 9, 2)=(0,0,0),
h B T
6 ¥ C
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viz. Ar+Hy+&2=0, &ec.

Al
Y @C—gr, A6, AB—T, GH—AF, BF—B6, F6—CB)

=(z, y, 2D~ K(a, b, o, f, g, KX @, y, 2)*;

that is, ,
BLC—F*=2K(a, b, ¢, 1, ¢, kY=, y, 2)*, &ec.;

whence also

BC—-TF7, .. X, g )= +py+2). K(a, .. X2, 9, 2)

(BC—I, .3, IV, py V)= (vt py+r2)Na+py+/2). K(a, . X, y, 2);
and moreover

ABC—-AF —BE&—-CH* -2 F6H=0.

The last equation shows that (A, ..Y 97 —y'z, 2a'—2', ay'—2'y)’, considered as a
function of (#/, ¢/, #/), breaks up into factors, or (what is the same thing) this expres-
sion, considered as a function of (2, y, 2), breaks up into factors; we may in all the
formulee interchange (z, ¥, 2) and (2, ¥/, #'), writing (4, &', ', F', &, H') in the place
of (4, B, C, ¥, &, K).

Article Nos. 18 to 28, relating to a single conic in connexion with a point or line.

18. T apply the decomposition formula to the function (A, ..YyZ—y%, ..)?, which,
considered as a function of (2, ¥, ), breaks up into factors. We have

(A, . Xy7—y'z, . =(4, .. X, ¥, 2]

=m§ Product of

{ (@, .. X1, m, nYa, 9y, )+

(%'@’—_J’f, < mz—ny, . J A, @, v)}
\/—(33,@!"'&.’2: "IA: ) ”)2

But we have
(A, .. X1, m, n)P=(A, . Y md—ny,..)",
(@, .. X1, m, nXw, y, 2)=(A, . Y md—ny, . Y y7 -y, ..),

BT — I~ . Ymz—ny, .. A, @, ¥)
=[a'(mz—ny)+y (nw—1lz)+2(ly—ma))(\a' 4wy +92') K(a, .. X2, o/, 2),

@BC—F" . YA gy )= (' +py +02 VK (a, . Y, o, 2,

and thence

(B'C'— F7, . Y mz —ny, ..IA, s v) _ \ % AL
N T ew) S I Vv Ko, X2 o 7).

!

2, o, =z

i, m n
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whence we have
1
(A, .Yy =y, .J= & Y=g} Product of

(A, Xmd—ny, . Xyd =gz )£ | 2, 9, 2 | =K@ X752
wl, y!’ zl

I, m, n

And the identical equation

(@ X, y, 2)(a, X2, s 2P =[(a, .. Y&, 9, 2X2, o/, 2)P=(A, .. Y y2' =o'z, ..}
now gives
(@, .. X, y, 2)’= Quotient by (e, .. X', ¥/, #)* of )

(e .. Y&, y, 2X, 9, &) T
<+ Quotient by (A, .. Ymz'—ny, ..)* of Product

Lo dme—ny, Xgr =y, D £ |2, g 2 | K@ XY
Z, o, 2
I, m =n

where the Product part may also be written
(@, .Y, m, nY2, o, 2).(a, . X &, 9, 2Y2, o/, 2')

—(a, ..., ¢, 2) A(a, X, y, 21, m, n)
+/—K(a, . X9, 7P | &, y, 2
.Z", yr’ 2
I, m =n

19. Writing in the formula I.
( a, }"9 g I‘z"a ?/', Z’)-_—"'(E’, 77'9 Z')3

h, b, f
g f ¢
we have
1(A, H, G Y&4,0)
@, 9, )=n x5 )
H, B, F
G, F, C
and thence
K(a, . I‘T',‘ y’, zl) =(Aa . 'I‘%C 7, _C)Q
(a, . .I.Z‘, Y ZI-ZJa ?/'7 z’):%’x+n'y+§'z.
Assume

(Z, m, n)=(vﬂ’_f‘bg,7 )\zl_yg/, FL%’—?\”IJ’
then from the foregoing values of (¢/, ¥/, 2')

Mz —ny = %{(AZJ — & )(GE +F7r +Cl) — (g — o )(HE 4 B4/ + ¥ )}
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=§{x[a'<As'+Hn'+Gz')+n'<Hz'+B»'+Fz')+§'(G§'+Fn'+ )]
—Ag'(AZ'+H77'+Gé")
—uE(HE 4B +F7)

'—VEI(G%"‘I'F?I,-I-CZ’),
that is

1 , o
me'—ny =g n(A, L XE 7, QP—E (A, XE A 0 ),
and similarly
1 A
nat — I/ =K«{@(A, X A, P = (A, L XE s CX y)},

Iy —mw’:I]—’{{v (A, X, o, EP—=L(A, . XE, o, TX0 s v)};

and thence
(A, H, GYmz'—ny, ..)=

R (A FL GX0, s ) (A, X2, A, L)
_(A7 H’ GIEI, ﬂla gl)(A-a ”Iga 77,7 ZIIK’ ('ba V)}

with the like equations, writing H, B, F and G, F, C in the place of A, H, G succes-
sively: and we then have

(A, .. Xmd —nyf, ..
=%{(A, X oy Y mE =g, ) (A, XE 4, L)
— (A, - XE A, QX =g, (A, XE A L ).
But the foregoing values of mz —ny/, na! 12, Ij —ma' give also
(A, 00 @, vYmd —ny, ..)
={ (A, X0 (A, X, A, Q= [(A 00 e X 7 O

(A, X, A, LXmed—ny, ..)

=Il{{(A, X s VXE A ) (A, L XE AL P — (A, L XE AL S (A, O @ v XE, A é”)}=0-

So that
(A, .Y md —mnyf, ..}
=K15(A, CXE A TPA(AS s e o) (A L XES A G (A 30 s v XES AL D))

=g(A, XE, 4, (@ X =t )

MDCCCLXIL. 4
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Similarly,

(A, .Y med—ny, . Yy —yz, ..)
¢

=%{(A X0 b X5, ). (A, XA, 2

—(A7 . IE’, 77,3 C'I?/Z"—y'z, . ')'(A) -'IEI, ﬂ,a ;,I)‘-a s V)}

But
(A, ., py VY Y2 —y2, ..)
= (An+HutGo)y —y7)
+(HA+Bp +Fr)(2a/ —2'x)
+(Gr +Fp +Cr)(ay —a'y)
= a[y/(Gr+Fu + Cv)—2/ (Hr+4 Bp+ Fr))
F+y[Z(AA+Hp+Gr)—2'(Gr+Fu+ Cv)]
+2[2'(Hr 4By + Fv)—¢/ (Ar+Hp+Gv)],
which, substituting for &', ¥/, 2 their values
@y, = (& B G XEA L)
H, B, F
G, F, C

becomes

=g el(BC—F oo —p)-H(FG — CH)(n' —%)+(HF —BG)(ug — )]
+Y{(FG —CH)(/ —p)+(CA —G* 1! —8)-+(GH— AF (i —o)]
42 (HF—BG ) —p&')+(GH—AF )(n%' —1)+-(AB —H? )(@g—m/)},

which is
=(a, ..J&, 9y, 2Yod —p&', ..);
and by merely writing (£, 7, ¢') in the place of (A, w, »), we have

(A, ..XE, 4, § Xy —y'%, ..)=0;
so that we find

(A, .Y me'—ny, .Y yd —y'z, ..)

1
=g (A, JE, 71, &)V (a, . X, y, 2Yor —pd!, W' —E, p —r).

Now, writing the formula I. in the form
(a, .. Y&, y, 2)*=Quotient by K(a, ..Ya, ¢/, 2) of ]
1
K((a, . X2, y, 2X2, ¢, )]
+Quotient by K(A, .. m#' —ny', ..)* of

1 KH{[(A, Y —ny, Y yd' =y, )P 2, y, 2
¥, ¥, 2

!

i, m, n

K(a, .. X, 9, 2)'},
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the right-hand side is
=Quotient by (A, ..X¥, 7, §')* of )

e
+Quotient by (a, .. vd' —ud', .. P(A, . YXE, 4, &) of
{{[(w, Yo —p8s Y&, Y, 2). (A, WXE A ST HIT(A, L XE AL O

where
n=K\| 2, y, =z |,
z, oy, 7
I, m =n
or, what is the same thing,
=/ 2 , y , 2 = z Y 2 :
| Ke, Ky, K¢ AY+HA+GY, HEAB/4FY, GE+F/4CY l
L , m ., n v =g, AT—E pwE — 0.

More simply, the right-hand side is
=Quotient by (A, ..Y¥, #, &) of ]

K(ga-+ry+{e)

+Quotient by (@, .. Yo' —wp&', ..)* of

{(a, .. Xl —p&'s . Xy y, 2) (A, LE A, §P 4T}
Or restoring the left-hand side, and resolving into its linear factors the function in {},
we have

(@, .Y, y, 2)>’=Quotient by (A, .. Y&, #, ') of ]

K(ga+ny+L'z)
+Quotient by (@, .. Y v/ —w', ..)* of Product
H:.l"_\/—(A’ JE A, S a, Yo —pds X, g, 2),s
where IT has the value given above, which may also be written
M= (A, ..XE 7\ 50 o 2)Eaty+L5)
(A, X, oy Y (Aa-Fpy ).
20. We deduce at once the inverse or reciprocal formule
(A, .. Y& n, §)*= Quotient by (A, .. Y&, 7, &)’ of )

(A, 3G SXE A, )P

~+Quotient by (@, .. Y i —pé', ..)" of K into Product

L (@ X —p, Yot =%, )/ =R JE G | & 70 &,
g A4 ¢

ITI.

472
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where the Product part may also be written
Product [Tli. (A, . XE, o, X s 0) (A, X, o, EXE, 7, 8)
—g A XE S A X YY)
/AT EY & a0 ¢ ]

g 4 ¢
A,y v
21. And also
(A, ..X& n, §)= Quotient by (a,..J&/, ¥/, 2)* of )
{
IV. -+ Quotient by K(A, ..Y(ny'—mz', ..)* of Product
K®++/—K(a, . X2, o, 2 (A, .Yy —m2, .. Y&, n, {),
where
g 7 4 ,
O=| a/+hy+gz, ha'+by+-f2, g2’ +fy'+cd |
ny —me', lZ—na' , ma—ly

which may also be written
= (a .32, 9, Y1, m, n)(@E+y'2+27)
—(a, .. Y2, 9, 2y . (IE +mg+ad).

22. The geometrical signification is obvious. The formule I. and II. each of them
show that the equation
(.. X2, y, 2)*=0

of the conic may be written in the form
2 .}_ —
Wit QR=0,

where Q=0, R=0 are any two tangents of the conic, and W=0 is the line joining the
points of contact, or chord of contact corresponding to the two tangents; viz., in the
formula I. we have

W=(a, . Y&, v, Y v, 2),
%}:(A, Xmd —nyy Yy —y'z, ) =K (e, Yy, 2 &, Y, 2

" !
xr, Y, %

!

L, m, n‘

(or for a different form of Q, R see the formula). The quantities (', , ') are the
coordinates of the point of intersection of the two tangents, or pole of the chord of
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contact: ({, m, n) are supernumerary arbitrary quantities, the values whereof do not
affect the result *. And in the formula II. we have

W =Ez+4y+{%,
Q ;
R}:Hi\/ — (A, XE A, TP (o, XA =l X255 9, 2)
(for the value of II see the formula). The quantities (£, 7, {') are the line-coordinates
of the chord of contact (viz. the point-equation of this line is &x+#y+L2=0); (A, @, )
are supernumerary arbitrary quantities.

23. In the like manner the formule III. and IV. each of them show that the line-
equation .

(A, .. & n, {)’=0

of the conic may be written in the form

Wi+ QR=0,

where Q=0, R=0 are any two ineunts of the conic, and W=0 is the point of inter-
section of the corresponding tangents; viz. in the formula III. we have

W=(A,..X¥ 7, {Y& Q)

§}=(6Z, ...IM"‘P";]’ . '):t\/_(Aa . °I%’> 7y é’])z &, =, ¢
EI: 77,, g/
Ay oy

(for another form of Q, R see the formula).

The quantities £, 7, ¢' are the line-coordinates of the line through the two ineunts,
or chord of contact; (A, w, v) are supernumerary arbitrary quantities; and so in the
formula IV. we have

W=a't+yr+27,
%}:K(D—_I;\/—K(a, ALy 2 (A, Yy —me, L E g, )
(for the value of ® see the formula), where &/, ', ' are the point-coordinates of the
intersection of tangents at the two ineunts, or pole of the chord of contact; (I, m, n) are
supernumerary arbitrary quantities.

24, We may, instead of the supernumerary arbitrary quantities (/, m, n) of the
formula I., introduce the quantities (2, w, v), where

@ muy=g (A M G e
H, B F

G, F, C

* In a different point of view, viz. if we consider the formula I. as a transformation of the function
(a, .. Y@y, 2)°, then (o, ¢!, 2') and (I, m, n) would be each of them supernumerary arbitrary quantities:
and so in the other like cases.
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This gives
(A, H, GY(mz' —ny/, ..)
=A(md —ny' )+H(na'—12' )+G(ly —ma')
=o' (Hn—Gm)+y (Gl—An)+2' (Am—HI )

=4 [H(GA+Fu+0)—G(Hr+Bu-+ )]

+y[G(Ar+Hp+Gr)— A(Gr+Fu+C))

+Z[A(HA+Bu+Fr)— H(HA+Bu+ )]
& (gu—hw) 4y (fro—br)+2 (o — 1)
w92 +fy +od)—(ha' +by + 7).

We have thus the system
(A, H, GYmd —ny!, ..)=u(ga’ +Ff +c2')—v (ha' +-byf +72),
(H, B, FYm' —ny, ..)=v (a& +hy +92')—n(g2'+ fof +¢2 ),
(G, F, CYmz —ny/, ..)=n(ha’ +by +17')—p(az +hy +g2'),
and thence
(A, .Y (me'—ny, . Y yd —y'z, ..)

|

=— | yd—y2 , 20 —2'w , &y —a'y
ar +-hy' +g2', ha' +by' 17, g2 +fy +ed |;
‘ A ; w , v

or observing that the term in A is

— (20 —22)(ga' +fy 0 )+ (ay) — &'y) (he' +by' +7),

= o(&(aa'+hy +g7) +y (I +fy )+ (g0 Y +e)
—z.2(ax' +hy'+g2')
—y.2'(ha' + by +1%')
—z.2 (g2 + fy' +c2')

=—a'(a, . Y&, y, 2X&, ¥, ) +a(e, . Y2, Y, 2),

with similar expressions for the terms in w, », we have

which is

(A, .Y me'—ny, . Yy —y, ..)
=—(A'+py +2). (a, . X7, y, 2X&, Y5 )+ (hrtpy+02) (a, X2, o, &)

and so also

(A, .Y me'—ny, ..)?
=—(' 4wy +v2) . (a, . Y1, m, Y2, ¢/, z’)+(7\l+‘u,m+vn).(a, Sy, 2,

(@, .31, m, n Y&, o', 2')=2& +py' v,
1
A +pum—+m =K(A’ LA, ey v

where
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so that
(A, .. Y(mz' —mny, ..)2=—(m’+poy’+vz')2+Kl—(A, S w0 (e, XY Y, 2
Moreover,
Y Z, —_-%{(Ak+Hrw+Gv)(yz'—y’z)+(H?\+B‘w+Fv)(zx'-z’x)+(GA+Fpu+Cy)(a:y’—x’y)},
z, 9, 2
{, m, n
which is
= (A, 300 i =2 -.);
and hence instead of the formula I. we have
(@, .. X2, y, z)=Quotient by (a, .Y, ¥, #')* of )
(e .. X, 9, 2X2, 9, 7)]
+ Quotient by +(A, .. X, @, »)X(a, . X2, ¢/, ) =K' +py' +v2')? of K Product
{("‘”’+My,+yz,),(a, X, 2T s ) (A py2) (0, ZI)}

I. (bis)

o7/ —K(a, . X o, (A, X0 o X =42 )

25. If, in like manner, in the formula II. we introduce, instead of (A, w, v), the new
quantities (7, m, n), where
(A r)=(a bk, g XI m,n)

hy b, f
. ) g f e
or, what is the same thing,
(bmm)=( A, H, G X pm),
H, B, F
G, F, C

then we have
(a, by g Yo —pt', ..)=n (HE 4By +F¢' )—m(GE +Fy +C¢'),
(b b, fXor =p!, .. )=1 (GE +Fo +C8')—n (AZ +HA +GY'),
(9, f» X —p8's ) =m(A¥ +-Hyl+GE)—1 (HE+ B +FY');

and thence
(@, . Y oi' =ul', . Y&, 5, 2)= x , Y , 2
AY+-HA4-Gg, HE+B/4+FY, GE+4+F/+ cg
l , m , n

= (A,..Ymz—ny,. Y&, 1, &),
(@, .3 —p, °')2=%{(A’ o3 oy V) (A’ Y&, A, é’l)z"‘[(A’ XA,y vYE, A, é"):lg}
=(a, ..J(l, m, n)’.(A, . Y&, o, &) =Kl +ms 4+n')?;
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V= & ) y ’ &
AZ+HA/+GY, HE+B/4+YY, GE+F/4CY
v —ws Az —E pE — o
= (' —p). y(GE +Fy +C¢')—z(HE+B +F¢')
(A =¥ ). 2(AE +Hy + G —a(GE + F7 +C&')
(w8 =27 ). a(HE +Br +F8')—y(AE +-HA +GY')
= {(Ew+y+'2)(AZ +Hr'+Gg)—a(A, . JE, 7, L))
+p{(Er+ay+52)(HE 4By +FS)—y(A, . XE, 4, &)}
~+v {(‘é’x+2fy+é"z)(G%’+Fn' +C¢')—z (A, . . JE, 4, &)}
=(Ev+r1y+82).(A, .3 w, v XE, 7, &)~ (Ae-tuy+r2).(A, . JE 7, ')
=K +mg +08).(Ex+4y+82)—(a, . Y1, m, nY 2, y, 2).(A, . YE, 1, §');
and the formula II. thus becomes

(@, ..J@, y, 2)’=Quotient by (A, ..XE, 7, &)’ of )
J

{K(%/x+”ly+alz)2
1L (bis) J +Quotient by (a, ..X1, m, n)% (A, .. X, 4, {)—K(l +mr 4+nl)* of Product
JK(Z.%’—{—mn’—l—nZ’).(E’x+¢y’y+§fz)—-(a, X, myn Yy, 2) (A, XE, 1, C’)gl
L Li\/"'(A’ Y&, & V(A Y mz—ny, . Ig,v 7, ). J

26. And from these we at once deduce the inverse or reciprocal formulae

(A, IE, 7, é’)?:Qu’otient by (A, ._Igl, 7, :/)2 Of']
J

(A, . JE 7 0084, 8)T
11I1. (bis) ) ~+Quotient by (a, .Y, m, n)%. (A, . Y&, 4, §')—K(If +ms +nd') of K into Product

| [t A 6 1, 88, )= (ot o). (A, X 81 ;,)2}
/= XA B X o 1%, ),

27. And ,
(A, .. Y& », §’=Quotient by (a, .. Y2, 9/, 7' ) ofWJ
(
R(@ehyr+e)
IV, (bis) +Qu0tient by (Av . 'Ixa oy ”)2'(a, . 'Ix'a yla Z')E—K(W +[byl+VZ')2 of Product

JK +py' +02) (7 +yn+25)—(A, . XE 0 EX L, m, n).(a, . X2, ¢, z’)“’}
U/ =K(a, . X, o, 2, . X, of, 2 e —m, ..),

which four formule have the same geometrical significations with the original four
formulee to which they correspond respectively.
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28. The eight formule become all of them the same or very similar for the quadric
form (a, ..XY#, y, 2)’=a*+y*+2°, which of course implies (A,..X§, n, §)’=&+,*+5"
Thus selecting any one of them at pleasure, e. g. the formula II. (bis), this becomes

(@ P+ )~ oy +22))
X (P w)E 1 +5) — (I +mal 08 )
= { (&' +ng')(€ +m +n8') — (lw+my+n2)(§+7"+5")}*
' (& o2 4-E") g o, OB
r, Y, %
l, m m

where the terms independent of £2+4#2-+4+¢" destroy each other. Omitting these terms,
and dividing by &2+7°-+44", the resulting equation is found to be

g, 4, ¢ p=| 4 4+ 8% Exddy+Ls, EldAm4Ln
x, Y, 2 o8 + gyl +28, 2+ P+ 2 aldym+ o
L, m, n g +mg 408, lx4+my+nz, O+ m*+

which is a well-known identical equation.

Article Nos. 29 to 83, relating to a single conic in connexion with an ineunt or a
tangent of a conic of double contact.

29. The formule assume a very simple form when the point of intersection of the
two tangents, or the line of junction of the two ineunts of the conic, is an ineunt or a
tangent of a conic having double contact with the first-mentioned conic. Thus, if to the

conic
(o, . X2, 9y, 2)’=0
tangents are drawn from a point (#/, ¥/, #') of the conic
(@, . Y&, y, 2)+(Ee+1y+5'2)'=0,
(a’ ”I‘r” yl, ZI)2=_(£lxl+’7!yl+glzl)2;
and using the form I. (bis), and putting therein (, #, &) in the place of the arbitrary

quantities (2, @, »), the equation of the tangent divides out by &2’ 47 4-&'2', and omitting
this factor it becomes

(a, . X2, o, 2X &, y, 2)+(Ed+4y + 52N Ex+ry+E'2)
—_l—-\—/lﬁ(A, Y, A, §Yyd =z, 2al —2w, xy —aly)=0,

then we have

which is of the form
(e, B, v Y&, 9,22y, 2)=0,
o, B, ¢
06',, Bil, 7"
MDCCCLXII. 4vU
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where the matrix
“, B, v is =

o, B ¥

wll’ 6"9 YN
o+ » h+E +;/IT—{(G«§’+F»:' +C¢'), g+£’§’—71=K—{H§'+ Br/+ FZ')
k8 = (GE P CF), U  fHE+ (A 4+ HA 4 GY)

g+£’é”+\/ =(HE +Br +FS'), f++5— K(A%'+Hﬂ’+Gé”), c+4"

30. But instead of further developing these formulz,I prefer to consider the formulze
which give the points of contact of the tangents in question, viz. the ineunts of the
conic (a, ..X#, 4, 2)’=0, or the tangents through the point (#', 7/, #') of the conic
(e, .Y, y, 2)+(Ev+ry+52)*=0.

We have as before
(a : “Ix! yl, zl)2: _(glxl+”lyl+gle)2
and using the formula IV.(bis) and writing therein (&,7, ¢')in the place of the arbitrary

quantities (A, @, v), the equation contains the factor £2’ 474y 4-¢'2/, and dividing by this
factor, and by K, the line-equation of the ineunt is

Py r 5+ g (YA ) (A XE A EXE 0 )
+ (e X0, o, A =AY, =0,
Selecting the positive sign, the coordinates of the corresponding ineunt are
O+ R (OF -+ 7+ N AE B+ GE)+ el Alga'+fy o) = £ by +12)
Y+ (@8 +2EEE + B B+ ] Slar+hy +92)—E i+ +ez) |,
R (@8N GE+ B+ OF) b e £ty f2) = e+l +g2) | s

and taking (X, Y, Z) for the coordinates of the ineunt in question, and putting for
shortness

o =1——\~/—]~I—{:(gn’—hZ’), B = —;%I-—{(fn'—bé"), y = —311-—{( o —f¢'),
b= —elaf—gf), P=1m (i —fE), = — (gt —cd),

o' = —-—\/lﬁ(lzg’—an’), B'= —-:/#K(bg' hit), 7—1—W(f§'-gn'),



MR. A. CAYLEY ON THE ANALYTICAL THEORY OF THE CONIC. 667

we may write

(I4+P)X=2—a)d =y —v7  +g(AE+HALGLNES Ay +L7),
(1+P)Y= — le +(2_ﬁl)yl_7lzl +%(HS!+ Bﬂ,+ F&I)(E!M_'_”lyl_i_glzl),

(1+P)Z — w”a,ll _Bllyl+(2_y")zl+1l{(G£I+ F”"I- Cg’)(s’ﬂ'l"?’y""glzl),
where P, which is arbitrary, may be put

1
=x(4, . XE, 41, &)
31. These equations then give
(‘zla.y’az,)=( o, 6: Y IX,Y’Z)a
o, B, ¢
OG", BH, ?/I
which can be verified without difficulty by reversing the process; and we have thus the
coordinates (X, Y, Z) in terms of («, 9/, #'), and reciprocally.
32. If (X,, Y, Z,) are the coordinates of the other ineunt, we have, it is clear,
(x,a fl/', Z’):( 2—u0 ’ —'B ’ -Y IXM Y,, Z,);
-, 2-8, —¢
—d, —g', 2—y"
or substituting for (', ¢/, #') their values in terms of (X, Y, Z),
@X,,2Y,2Z)=( «, B, v YX+X,Y+Y,Z+7),
o, B,
“Il’ BH, ,yll
so that (X+X,, Y4Y, Z+7Z) are the same linear functions of 2X, 2Y,, 2Z, that
(X, Y, Z) are of (¢, 7/, #); that is, we have

V4P XAX)=@2=a )X~ B Y= ¥ ZAg (AE+HHI+GE)E +y+17),
AP XAX)= —d XAC—B)Y,— o DA (HEABA+FE)E 41y +17),

WAPEAX)= — X B Y@y (GE+F OO0y +12),

which equations may be written
JA+P)X, Y, Z)=( a, b, ¢ YX,Y,Z7),
a, b, ¢
all, b'l, cII
4u2
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where the values of the coefficients are

~,..(g» -Ry )+— (AZ2— By2=2F n'7'=CZ2), — V-(fu'—?)l')-(—%n’(A&' +Hy' + GZ) , - 34 cn’-—fZ’)-i-%Z'(AE’ +Hr' + G7) ,
1

VK(GZ’-!]E )+K€ (HE +B4' + FT) ul-“ﬁ—{(kZ"‘f”')'}'f (Ba"i— 322678 — AE?), — VK(.?Z’—OE)-FKZ'(H!' +B+ + F7) ,

/K(hg- an')—l—KE (GF +Fn' + OF) , ——%]E(bﬁ’—kn’)-}-j%n'((}z' +Fs' 4+ C7) 1—-/——-(f5'—gn')+K (072~ AZ2—2HE' —Bn?),

and considering (X, Y, Z) and (X, Y,, Z) as quantities connected by the foregoing
linear relations, we have identically

(@ XX, Y, Zp=(a, . XX, Y, Z)"

So that the investigation leads to the automorphic transformation of the quadric func-
tion, a transformation first effected by M. HErRMITE*.

33. It is to be remarked that the foregoing formule show that (2, %/, ) being the
coordinates of a point on the conic (a, ..J &, ¥, 2)*+(8x—+4y-+§'2)’=0, from which point
tangents are drawn to the conic (@, ..J(#, ¥, 2)’=0, then the coordinates (&', 7', #') enter
linearly into the equations of the tangents, the ineunts (or points of contact), and the
polar. And it may be added that the equation of the conic enveloped by the polar
(that is, the polar conic of (@, .., y, 2)*+(E@++y+&'2)’=0) has for its equation

{(K+(A, ., 4, ) Ha, - X 9, o) —K(Ew 1y +E2)=0.
and that the coordinates of the point of contact of the polar with this conic are

o' (AE +H 4G )+ +22),
Y +x (HE+B1 +F8 )Zo +1y +82),

o+t (GE +F7 +C8)(Za/+4 +57);

so that (2/, ¢/, #) also enter linearly into the expressions for the coordinates of the last-
mentioned point.

Article Nos. 34 to 37, relating to two conics.
34. Considering now the two conics
U=(a,b,¢,f,9, Yz, 3, 2)=0,
U=(d,¥, ¢, f', ¢, "z, y, 2’=0;
U6V '=(ba+0d, . X2, 9, 2)'=

represents a pair of lines.

Suppose that the conic

# See my “ Memoir on the Automorphic Transformation of a Bipartite Quadric Funetion,” Phil. Trans.
vol. cxlviii. (1858) pp. 89-46.
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The condition for this is
Disct. (a+0'a, .Y, y, 2)*=0,
(g, %, @’ Ezg’ ol)8=0,
4 =K,
B =Ad +BV'+Cc+2Ff'4-2G¢'2HE,
€ =A'a+B'bo+Coc+2Ff +2G'g+2H'A,
=K

which is

where

(the signitications of K/, A/, B/, C, ¥, G/, H' being of course analogous to those of
K, A, B,C, F, G, H). The three roots §: ¢ correspond, it is clear, to the three pairs
of lines which can be drawn through the intersections of the two conics.

35. The equation

Disct. (4, B, €, B, §)°=0,

which is of the fourth order in G, 35, €, 1B, and of the sixth order as regards(a, b, ¢, f, ¢, /)
and (&, ¥, ¢, f', ¢, I) respectively, is the condition in order that the two conics may
touch each other. Assuming that it is satisfied, the cubic equation in §: 6§ has a pair
of equal roots; or say there is a twofold root and a onefold root; the twofold root gives
the pair of lines drawn from the point of contact to the other two points of intersection,
the onefold root gives the pair made up of the common tangent and the line joining the
other two points of intersection.

36. In particular, suppose that the two conics are

2gu-Foy+72)(gw-Ho'y +72)=0,
2\ +py+vz)Ne +p'y4/2)=0;

(@, b, ¢, f, g9, h)=(2¢¢, 206", 277, o7'4-0'7, 7' +7¢, o' +¢'s),
(@, 0, ¢, f', gy B)=(20, 2up!, 20/ , p/ v, v V'R, M/ W),
(A,B,C,F, G, H)=—(6v—0d'7, 7¢' =g, g6’ —¢'o ),

(A, B’, C, ¥, G, H')=—(uw'—wh, i\ =/, g/ —Np)?;

and thence also '

so that

d=K = 0,

P=Ad+&ec.=—=2| n, w, v N, W, Vo,
e, 0, 7T e, 0,
gI, o.l’ 7_' gl, 0",

b S

C=Aa+&ec.=—2|¢, o, = e, o,
Ay oy ¥ Ay @, v
;\', f“ls 4 7‘,, w, Vv

=]
Il

K = 0;
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and the equation in (4, §') is

B4 CH=0;
so that, writing 6=, §/=—13, the equation of the pair of lines is
¢, 0, 7| |, oy 7| (ewtoytaz)(datoy+72)—|n, p, v | |V, g V |(A@d-py o) (Na4ply+12)=0;
Ny oy v | |hy oy 0,0, 7| (¢, 0, 7
A, (J-’,’ v, F"a v gla 619 7 Qla o, 7
and it is easy to see that the left-hand side does in fact break up into factors, and that
the equation is

z 9 2 r Yy o z  |=0,
e —vd , g =7, Ao —pg wr—vg , vg —hv, A6 —ug

o —aw, N—g/, ouW—ol =7y, IN—dV, Ju—oN

which of course might have been obtained at once by means of the four points which
are the intersection of each component line of the first conic by each component line of
the second conic.

37. Suppose that the first conic is

(@, 0, ¢, 1, g, kY&, 9, 2’ =0,
while the second conic is the pair of lines
20 +py+rz)(Natpy+v2)=0;
(ba+0.22N, . Y2, g, 2)*=0,
(A, B, €, WYY, §)°=0,
a4 =K,
B= 2(A, B, CF, G, HY2, p, YN, i, V),
C=—(a, b, o, f, gy W' —pls, 0l =, i =),
B= 0;
and the equation in (4, §') is
K&42(A, .30, w, v, @, V)00 — (@, ./ —wh, .. )6*=0,
which may be written
{KO4(A, .30, w, 3, @, DIY¥P={[(A, .0 @, XN, @, V) P+K(a, . Y ' — @, .. 216"
=(A, .7, @, v)% (A, XN, @, V)2 07,

then putting, as before,
we have

where

that is,
Ké:[—_l:\/(A, X V)z'\/(A’ X @ VP = (A 3w VX, W Vl)]al;
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Or we may assume
b= £/ (B; T i 7/ (B T, T — (A, X s X, 4, V), O=KK,
so that the conic
{ZEV/(A, 30 @ v)'N (A, XV ol VP —(As XA X, @, V) L Y, s 2)
+ 2K (re4py +vz)(Nae+p'y+vV2) =0

breaks up into a pair of lines.
Putting for shortness

/X0 i 7P (B X V= (A X0 s X, V)=,
the coefficients on the left-hand side of the equation are
(Qa+2Kan, .. Qf +K(w/+uh), ..),
whence, after all reductions, the inverse function is
(A X000 o X 1, /T, -0 B T (A, X, 2 95 1 W (X i 9PYS

and the remainder of the process of decomposition is effected without difficulty.

AppitioN, 18 December, 1862.

The formule II. and II (bis) each of them give the tangents of the conic
(@, ... X, 9, 2)>=0 at the ineunts of intersection with the line £z +7y+%'2=0. A very
elegant formula for these ineunts themselves was communicated to me by Mr. Sporris-
wooDE, and I have since found that the same or an equivalent formula is made use of
by M. AronmoLD in his recent valuable memoir, “ Ueber eine neue algebraische
Behandlungsweise der Integrale irrationaler Differentiale, &c.”, Crelle, t. Ixii.
pp. 95-145 (1862). The formula is as follows, viz. for the conic and line,

(@, 5, ¢ f, g, KXY, y, 2)*=0

o+ry+8'2=0,
then

Ziyiz=

(m+n2) 37z 56 + (gl fnct )= (Hltbme4fi)+1 /5,
(- +08) 5= v dn' & +8 (al+hm+gn)— E(gl+fm-+ on)+ma/ o,

: (Il ) = % 4 B b for) — (@l gn) k0 o/ B
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where
o= g, 4, & =—(A,BCF G HYY /&)
g, a b g
ok b f
I g 9 fs ¢
So that & gg—,, 3 Z,%, % gg, are respectively
= —(AY+HA+GY), —(HE+Br +FL)— GE+F7+C¥,

and where [/, m, » are supernumerary arbitrary quantities.



